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a b s t r a c t
We work out the geometric invariant theory of the Hilbert scheme and the Chow variety
of bicanonically embedded curves of genus three. We show that a Hilbert semistable
bicanonical curve has node, ordinary cusp and tacnode as singularity but does not admit
elliptic tails or bridges, and that it is Hilbert stable if, moreover, it does not have a tacnode.
We prove that a Chow semistable bicanonical curve allows the same set of singularities but
no elliptic tail, and that those with an elliptic bridge or a tacnode are identified in the GIT
quotient space. We also give a geometric description of the birational morphism from the
Hilbert quotient to the Chow quotient.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction and preliminaries
We consider the GIT (Geometric Invariant Theory) stability of genus three curves
C ↪→ P(Γ (ω⊗2C )) ' P(V ), dim V = 6,
embedded by the bicanonical system |ω⊗2C |. Let Hilb denote the closure of the locus of smooth bicanonical curves of genus
three in the Hilbert scheme parametrizing subschemes of P5 with Hilbert polynomial P(m) = 8m− 2. Let Chow denote the
corresponding locus in the Chow variety. We use the embedding
ϕm : Hilb ↪→ Gr(P(m), SymmV ∗) ↪→ P(
P(m)∧
SymmV ∗)
[C] 7→ [SymmV ∗ → Γ (OC (m))]
for sufficiently largem and construct a GIT quotient of Hilb by the natural SL(V ) action. Here, [C]m := ϕm([C]) is called the
mth Hilbert point of C . For the Chow case, we use the natural embedding Chow ⊂ P(⊗2 Sym8V ∗) that comes from the
definition of the Chow form: it determines the locus in the Grassmannian of three-planes that intersect the curve, so it is
bihomogeneous of bidegree (8, 8) and is naturally regarded as an element of P(
⊗2 Sym8V ∗).
We say that C is Hilbert semistable (resp. stable, unstable) if itsmth Hilbert point is GIT semistable (resp. stable, unstable)
with respect to the natural SL(V ) action for all m  0. Similarly, we define the Chow (semi)stability of C according to the
GIT (semi)stability of its Chow point Ch(C).
To describe our main results, we first introduce two new stability notions for curves: A complete curve C is said to be
c-semistable if
(1) C has nodes, cusps and tacnodes as singularities;
(2) ωC is ample;
(3) a genus one subcurve meets the rest of the curve in at least two points not counting multiplicity.
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A c-semistable curve is c-stable if it has no tacnode or elliptic bridge i.e. a subcurve of genus onemeeting the rest of the curve
in two nodes. If a c-semistable curve of genus three has no elliptic bridge, it is said to be h-semistable. An h-semistable curve
is said to be h-stable if it has no tacnode. This is redundant since it is the same as c-stability, but we use it to keep a symmetry
in presentation and maintain consistency with an upcoming paper [1].
Theorem 1. (1) The locus Hilbs (resp. Hilbss) of (semi)stable points correspond to h-(semi)stable bicanonical curves;
(2) The locus Chows (resp. Chowss) of (semi)stable points correspond to c-(semi)stable bicanonical curves. Moreover, all Chow
strictly semistable curves are identified in the quotient space Chow/SL(V ).
We also completely describe how Hilbert strictly semistable curves are identified in the quotient space Hilb/SL(V )
(Propositions 6 and 8).
Theorem 2. There is a proper birational morphism
Ψ+ : Hilb/SL(V )→ Chow/SL(V )
which is an isomorphism away from the locus Z+ of curves with tacnodes. Moreover, Z+ is a smooth rational curve and Ψ+
collapses it to the strictly c-semistable point.
When n-canonical system is employed for n ≥ 5 instead of the bicanonical system, the GIT quotient space is isomorphic
to the moduli space of stable curves [2,3]. We obtain the moduli space of pseudostable curves for the case n = 3, 4 [4–6].
The n = 2 case was analyzed in [1] for higher genus cases. Although some arguments in [1] go through in the g = 3 case,
the analysis of the minimal orbit curves (Sections 3.2.1 and 3.2.2) needs to be worked out from scratch to establish the GIT
semistability of c-semistable and h-semistable curves (Section 3.2).
Themotivation for considering this GIT problem comes from our study of birational geometry ofM3. We invite the reader
to take a look at [7] inwhich the logminimalmodel program is completelyworked out and the quotient spaces Chow/SL(V )
and Hilb/SL(V ) constructed in this paper are identified with certain log minimal models forM3. We also point the readers
to W. Rulla’s thesis [8] where an extensive analysis of birational geometry of M3 is conducted and a question on the GIT
quotients considered in this paper is posed (page 83).
We work over an algebraically closed field k of characteristic zero.
2. A summary of results in GIT
In this section, we gather some general results in GIT that will be used throughout the paper.
Definition 1 ([9]). Let G be an algebraic group acting on a projective variety X polarized by a very ample line bundle L, and
x be a point in X . Let ρ : Gm → G be a 1-PS, and x∗ = limt→0 ρ(t).x. Then the Hilbert–Mumford index µL(x, ρ) of x with
respect to ρ is the character with which Gm acts on the fiber Lx∗ .
The numerical criterion of GIT is that x ∈ X is (semi)stable if and only if µL(x, ρ) > (≥)0 for all ρ. We shall be mainly
interested in the Hilbert–Mumford indices of the Chow point and of the Hilbert point of varieties. In particular, we shall
extensively use the following formulation of the Hilbert–Mumford index which was worked out in [10]. Let X ⊂ PN be a
projective variety and let IX and P denote the homogeneous ideal and theHilbert polynomial ofX . Letρ : Gm → GL (N+1)be
a one parameter subgroup defined by ρ(α).xi = αrixi where xi are homogeneous coordinates. The associated one-parameter
subgroup of SL(N + 1)with weights (N + 1)ri −∑Nj=0 rj will be denoted by ρ ′.
Proposition 1 ([10, Proposition 1]). The Hilbert–Mumford index of the mth Hilbert point of X with respect to ρ ′ is given by:
µ([X]m, ρ ′) = −(N + 1)
P(m)∑
i=1
wtρ(xa(i))+m · P(m) ·
N∑
j=0
rj. (1)
Here, a(i) are exponent vectors such that xa(i) are the degree m monomials not in the initial ideal of IX with respect to the ρ-
weighted GLex (graded lexicographic order).
Due to the proposition below, we only need to compute the Hilbert–Mumford index of the second and the third Hilbert
point:
Proposition 2 ([10, Corollary 3–4]). Let C ⊂ P(V ) be a bicanonical c-semistable curve and C∗ denote the curve to which ρ(α).C
specializes. If C∗ is also a (bicanonical) c-semistable curve, then for all m ≥ 2,
µ([C]m, ρ) = (m− 1)[(µ3/2− µ2)m+ 3µ2 − µ3]
where µi := µ([C]i, ρ), i = 2, 3.
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The theorembelow, called the semistable replacement theorem, essentially follows from the projectivity of the semistable
GIT quotient (see for instance, [3, Lemma 5.3]):
Theorem 3. Let G be a reductive algebraic group acting linearly on a projective variety X. Since G is reductive, the GIT quotient
scheme X/G exists as a projective variety. Let B be a smooth curve, 0 ∈ B a closed point, and f : B \ {0} → X ss be a regular
morphism. Then there exists a covering α : B′ → B branched only over 0 and γ : B′ \ {0′} → G, 0′ = α−1(0), such that
• there is a regular morphism f ′ : B′ → X ss;
• f (α(b′)) = γ (b′).f ′(b′) for all b′ 6= 0′.
The following Lemma is crucial for establishing the GIT semistability of h- and c-semistable curves.
Lemma 1. Let X ⊂ PN be a projective variety, x∗ ∈ X and ρ : Gm → SL(N + 1) be a one-parameter subgroup such that x∗ is
strictly semistable with respect to ρ . Then x∗ is semistable if and only if every x ∈ Aρ(x∗) is semistable, where
Aρ,X (x∗) :=
{
x ∈ X
∣∣∣∣ limα→0 ρ(α).x = x∗
}
.
Aρ(x∗) is called the basin of attraction of x∗ ∈ X with respect to ρ .
By definition, if x is strictly semistable (i.e. semistable but not stable) then x belongs to a basin of attraction of some x∗ whose
stabilizer Gx∗ is not finite.
3. GIT of bicanonical curves
3.1. Unstable curves
Proposition 3. If a bicanonical curve of genus three is not c-semistable (resp. h-semistable) then it is Chow (resp. Hilbert) unstable.
The one-parameter subgroups in [3, Section 3] can be used to destabilize almost all non c-semistable curves. The only
exception is the curve consisting of two elliptic curves meeting in one tacnode—this is shown to be Chow unstable in [1,
Corollary 7.9] which is valid for all genera g ≥ 3.
For the Hilbert case, since ‘Chow unstable⇒ Hilbert unstable’ [11, Corollary 3.5], we only need to consider those that
are c-semistable but not h-semistable (i.e. the elliptic bridges). The Hilbert instability of elliptic bridges is given in the proof
of Proposition 10.
Proposition 4 ([3, P94–99], [1, Proposition 7.5]). Let C → Spec k[[t]] be a family of Chow semistable curves of genus three such
that the generic fiber Cη is smooth. If Φ : C → P5k[[t]] is an embedding such that Φ∗η (O(1)) = ω⊗2Cη/k[[t]] then OC(1) = ω⊗2C/k[[t]].
By [3, Theorem 4.15] and [2, Theorem 1.0.0], a smooth bicanonical curve is Chow stable and Hilbert stable. Hence
Proposition 4 implies that a semistable limit of smooth bicanonical curves is bicanonical. In particular, a Chow semistable
bicanonical curve has no smooth rational component meeting the rest of the curve in≤3 points counting multiplicity, or an
elliptic tail.
3.2. Semistable curves
Proposition 5. A c-stable (resp. h-stable) bicanonical curve is Chow stable (resp. Hilbert stable).
Proof. Since ‘c-stable⇔ h-stable’ and ‘Chow stable⇒Hilbert stable’, it suffices to prove the Chow case. As we noted above,
a smooth bicanonical curve is Chow stable and Hilbert stable. For singular c-stable curves, we use Theorem 3. Note that
‘c-stable⇒ pseudostable’ [4]. Let C be a c-stable curve and C → B be a smoothing of C over a spectrum of a dvr. By the
semistable replacement theorem, there is a family C ′ of Chow semistable curves whose generic fiber is isomorphic to that
of C. By Proposition 3, the special fibre C ′0 is necessarily c-semistable. Because the moduli (stack) of pseudostable curves is
separated, C0 = C must be the pseudo-stabilization of C ′0. But there is no c-semistable curve, other than C itself, that has
the same pseudo-stabilization, and it follows that C ′0 = C .
If C was strictly semistable, then it would be in the basin of attraction of a c-semistable curve C∗ with infinite
automorphisms. But such a curve necessarily has a tacnode (Lemma 2, below) and its pseudo-stabilization has an elliptic
bridge. But since C is c-stable, it does not have an elliptic bridge and hence cannot be the pseudo-stabilization of C∗. 
It remains to prove the Hilbert (resp. Chow) semistability of h-semistable (resp. c-semistable) curves with tacnodes. We
shall first deal with the Hilbert semistability. The Chow semistability then follows easily due to the close relation between
the two GIT problems. We use the strategy employed in our earlier paper [5]:
(1) Enumerate all h-semistable curves with infinite automorphisms (Lemma 2);
(2) Show that every h-semistable curve with a tacnode belongs to a basin of attraction (Lemma 1) of a curve from (1). This
is established in Sections 3.2.1 and 3.2.2;
(3) Show that if C0 is an h-semistable curve with infinite automorphisms, then all possible h-semistable replacements of C0
are attracted to C0.
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Fig. 1. h-semistable curves of genus three with tacnodes.
Fig. 2. An elliptic bridge with infinite automorphisms.
Note that (3) combined with the semistable replacement theorem implies the h-semistability of C0. In turn, (2) imply that
all h-semistable curves with tacnodes are h-semistable. To establish (2), we shall first catalog h-semistable curves C0 with
infinite automorphisms and choose suitable 1-PSρ coming from the automorphism group of C0 to attract other h-semistable
curves.
Definition 2. (1) A cat-eye is a genus three curve consisting of two smooth rational curves C1 and C2 meeting in two
tacnodes;
(2) An ox is a genus three curve consisting of three smooth rational curves C1, C2, C3 such that C1 and C2 meet each other in
a node and meet C3 in a tacnode. (Note from Fig. 1 that such a curve looks like the two letters ‘O’ and ‘X’ put together,
hence the name ‘ox’.)
(3) A snowman is a genus one curve consisting of two smooth rational curves meeting each other in a tacnode.
Lemma 2. (1) A genus three h-semistable curve C has infinite automorphisms if and only if it is a cat-eye or an ox (Fig. 1).
(2) A genus three c-semistable curve C has infinite automorphisms if and only if it is a cat-eye, an ox or an elliptic bridge one of
whose genus one subcurve is a snowman (Fig. 2).
Proof. An h-semistable curvewithout a tacnode is Deligne–Mumford stable or pseudostable, and has finite automorphisms.
Since an automorphism of C lifts to an automorphism of its normalization, it is easy to see that among the tacnodal h-
semistable curves listed in Fig. 1, only (c1) and (d1) have infinite automorphisms. The c-semistable case follows since
the elliptic bridges are the only c-semistable curves that are not h-semistable, and for an elliptic bridge to have infinite
automorphisms, one of its genus one subcurves must be the snowman. 
3.2.1. Basin of attraction of cat-eye
Let C ⊂ P5 be a bicanonically embedded irreducible curve of genus three with a single tacnode p. Let ν : E → C be the
normalization of C and let q, r ∈ E denote the points sitting over p. We have ν∗ωC = ωE(2q + 2r) and C is the image of E
under a suitable g58, a sub linear system of |4q+ 4r|.
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We start with the elliptic curves E ⊂ P3 embedded by |2q+ 2r|. It is defined by
x0x1 − x2x3 = x21 + x0x3 + x0x2 + ax0x1 + bx20 = 0
where a, b ∈ C [10, Section 3.3]. Here q = [0, 0, 1, 0] and r = [0, 0, 0, 1]. We re-embed E in P9 by the second Veronese
map v : P3 → P9,
[x0, x1, x2, x3] 7→ [x20, x21, x22, x23, x0x1, x0x2, x0x3, x1x2, x1x3, x2x3].
By examining the ideal, we find that v(E) is contained in the linear subspace
bu0 + u1 + u5 + u6 + au9 = u4 − u9 = 0
where ui are homogeneous coordinates of P9. After the coordinate change{yi = ui, i 6= 1, 9
y1 = bu0 + u1 + u5 + u6 + au9
y9 = u9 − u4.
The curve sits in the linear subspace
y1 = y9 = 0.
Nowwe take a suitable projection to P5 to identify q = [0, 1, 0, . . . , 0] and r = [0, 0, 1, 0, . . . , 0] in P7 and create a tacnode
there. To this end, recall the vanishing orders of the coordinates of P3:
x0 x1 x2 x3
ordq 2 1 0 3
ordr 2 1 3 0
The vanishing orders of the coordinates of P9 are:
y0 y1 y2 y3 y4 y5 y6 y7 y8 y9
ordq 4 2 0 6 3 2 5 1 4 3
ordr 4 2 6 0 3 5 2 4 1 3
Restrict to the P7 cut out by y1 = y9 = 0 and rename the coordinates
z0 = y0, z1 = y2, z2 = y3, . . . , z7 = y8.
Considering the vanishing orders of zi,
z0 z1 z2 z3 z4 z5 z6 z7
ordq 4 0 6 3 2 5 1 4
ordr 4 6 0 3 5 2 4 1
we see that the tangent lines at q and r are
Tq = {z0 = z2 = z3 = z4 = z5 = z7 = 0} and Tr = {z0 = z1 = z3 = z4 = z5 = z6 = 0}
respectively. Under the following projection (with β ∈ P1 \ {0,∞}), the two tangent lines are identified and the image
acquires a tacnode at p = [0, 1, 0, 0, 0, 0]:
pr : P7 99K P5
[z0, . . . , z7] 7→ [z0, z1 + z2, z3, z4, z5, z6 + βz7].
Note that z6/z1 (resp. z7/z2) is a local coordinate at q (resp. r) and that pr identifies Tq and Tr such that
∂
∂(z7/z2)
= β ∂
∂(z6/z1)
.
The ideal of the curve is
x0x2 − x3x4, x0x1 − x23 − x24, βx2x4 + x2x3 − x0x5, ax3x4 + bx20 + x22 + x0x3 + x0x4,
β2x22 + βx1x2 − βx3x5 + x22 − x4x5, βbx0x4 + ax0x5 + bx0x3 + βx3x4 + βx24 + x23 + x3x4 + x2x5,
βx22x3 + x1x2x3 − x22x4 − x23x5, ax2x24 + bx0x24 + βx32 + x1x22 + x3x24 + x34 − x2x3x5,
β2bx24 + βax4x5 + 2βbx3x4 − β2x2x3 + β2x1x4 + ax3x5
+bx23 + βx2x3 + βx0x5 + x1x3 − x2x3 − x2x4 + 2x0x5 + x25,
βbx34 + ax24x5 + bx3x24 + βx1x24 + βx22x5 + x1x3x4 + x1x2x5 − x0x3x5 + x0x4x5 − x3x25
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where xi’s are homogeneous coordinates for the projection target P5. By using a well known Gröbner basis algorithm
(see for instance, Section 3.2.1 of [10]), we compute the flat limit of this curve with respect to the 1-PS ρ with weights
{0, 4, 1, 2, 2, 3}: it is cut out by the ideal
x3x4, x23 + βx24 + x2x5, x2x3 + βx2x4 − x0x5, x1x3 + β2x1x4 + x25,
x22 + x0x3 + x0x4, βx1x2 − βx3x5 − x4x5, x0x1 + (β − 1)x24 + x2x5
and comprises of two smooth rational components
(x3, βx24 + x2x5, βx2x4 − x0x5, β2x1x4 + x25, x22 + x0x4, βx1x2 − x4x5, βx0x1 + x2x5)
and
(x4, x23 + x2x5, x2x3 − x0x5, x1x3 + x25, x22 + x0x3, x1x2 − x3x5, x0x1 + x2x5)
meeting in two tacnodes [1, 0, 0, 0, 0] and [0, 1, 0, 0, 0]. Hence it is a cat-eye, andwe denote it by C@β . Note thatwhenβ = 1,
C@1 admits an involution
f ([x0, x1, x2, x3, x4, x5]) = [x0, x1, x2, x4, x3, x5]
exchanging the two components, so C@1 is in the closure of the locus of hyperelliptic curves. Moreover, it is the only cat-eye
in the hyperelliptic locus since one can construct the family of plane cat-eyes
{(xy+ z2)(xy+ βz2) = 0}, β ∈ P1 \ {0, 1,∞}
by projecting E
|2q+2r|
↪−−−→ P3 to P2 so that q and r are identified and that their tangent lines are identified with ∂
∂σq
= β ∂
∂σr
,
where σq and σr are suitable local coordinates at q and r .
Note also that C@β depends only on β and not on the j-invariant of the normalization E of C . This implies that any curve
of the form (a2), (a3) and (c2) will be drawn to C@β by the action of ρ (for suitable β), since it is in the closure of the locus of
the family of tacnodal curves C obtained by varying the j-invariant of E.
We shall now show that C@β is Hilbert strictly semistable with respect to ρ. The degree two monomials not in the initial
ideal are:
x20, x0x2, x0x4, x
2
1, x1x4, x1x5, x
2
2, x2x3, x2x4, x
2
3, x3x5, x
2
4, x4x5, x
2
5
of which weights sum up to 56. The degree three monomials not in the initial ideal are
x30, x
2
0x2, x
2
0x4, x0x
2
2, x0x2x4, x
3
1, x
2
1x4, x
2
1x5, x1x4x5, x1x
2
5, x
3
2,
x22x3, x
2
2x4, x2x
2
3, x2x
2
4, x
3
3, x
2
3x5, x3x
2
5, x
3
4, x
2
4x5, x4x
2
5, x
3
5
sum of whose weights is 132. By using Proposition 1, we find that
µ([C@β ]2, ρ) = µ([C@β ]3, ρ) = 0
which implies that µ([C@β ]m, ρ) = 0 due to Proposition 2. We have proved:
Proposition 6. There is a 1-PS ρ of SL6 such that
(1) A cat-eye is m-Hilbert strictly semistable with respect to ρ for all m ≥ 2;
(2) An h-semistable tacnodal curve of the form (a1)–(a3) and (c2) belongs to the basin of attraction Aρ([C@β ]) for a unique β .
From Proposition 6, it follows that
Corollary 1. A curve of the form (a1)–(a3) or (c2) is Hilbert semistable if and only if the corresponding cat-eye is Hilbert
semistable.
3.2.2. Basin of attraction of ox
Recall that an ox is a genus three curve consisting of three smooth rational curves C1, C2, C3 such that C1 and C2 meet
each other in a node q and meet C3 in tacnodes p1 and p2 respectively. Let Cox be an ox, and consider the restriction of ω⊗2Cox
to each component:
ω⊗2Cox |Ci ' ω⊗2Ci (4pi + 2q), i = 1, 2
ω⊗2Cox |C3 ' ω⊗2C3 (4p1 + 4p2).
This implies that the bicanonical image of Cox has two smooth conics C1 and C2 meeting each other in a node and meeting
a smooth rational quartic curve in a tacnode. Since the second Veronese image C of the plane quartic {x0x2(x0x2 − x21) = 0}
has precisely such components, and since the ox is unique up to isomorphism, it follows that the bicanonical image of an ox
is projectively equivalent to C . (Fig. 3)
The plane quartic { x0x2(x0x2 − x21) = 0 } admits automorphisms [x0, x1, x2] 7→ [x0, αx1, α2x2], α ∈ Gm. The second
Veronese image C has associated automorphisms xi 7→ αrixi where (r0, . . . , r5) = (0, 2, 4, 1, 2, 3). Let ρ be the one
parameter subgroup with these weights.
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Fig. 3. Degeneration to the cat-eye and the ox.
Proposition 7. C is m-Hilbert strictly semistable with respect to ρ for all m ≥ 2.
Proof. The ideal of C is generated by
x24 − x3x5, x3x4 − x0x5, x1x4 − x3x5, x2x3 − x4x5, x1x2 − x25, x0x2 − x3x5, x0x1 − x23.
Considering the Gröbner basis of the ideal with respect to the ρ-weighted GLex and using Proposition 1, we obtain
µ([C]2, ρ) = µ([C]3, ρ) = 0. The assertion now follows from Proposition 2. 
Proposition 8. An h-semistable curve of the form (b1)–(b3) and (d2) belongs to a basin of attraction Aρ([Cox]) of the ox.
Proof. Let F be a bicanonical curve of genus three consisting of a smooth elliptic curve E meeting a smooth rational curve
R in a tacnode p and a node q. We have ωF |E = ωE(2p + q) ' O(2p + q) and ωF |R = ωR(2p + q). Hence F is the second
Veronese image of
F ′ = {f = x0
(
x21x2 − x0(x0 − x2)(x0 − `x2)
) = 0} ⊂ P2, ` 6= 0, 1.
It suffices to show that F ′ degenerates to the canonical model of ox along the action of the one-parameter subgroup with
weights (0, 1, 2), which we abuse notation and denote by ρ. Then the flat projective closure of {ρ(α).F} is defined by
α4f (α−2x0, α−1x1, x2) = α4x40 − α2x30x2`− α2x30x2 + x20x22`− x0x21x2.
At α = 0, this gives
{x0x2(x0x2`− x21) = 0} = {x0x2(x0x2 − (x1/
√
`)2) = 0}
which is the ox.
A curve of the form (d2) is the second Veronese image of the plane quartic
D = {x0x2(x0x2 + x21 + γ x22) = 0}.
Since the extra term γ x0x32 has zero ρ-weight, the flat limit of the family {ρ(α).D} is {x0x2(x0x2 + x21) = 0}. 
In view of Propositions 7 and 8, we have
Corollary 2. Tacnodal curves of the form (b1)–(b3) and (d2) are Hilbert semistable if and only if the ox is Hilbert semistable.
It is easy to deduce from the defining equation that the ox is the flat limit of the family {C@β } at zero and infinity.
Now we are ready to complete the proof of the first part of Theorem 1:
Proof of Theorem 1. (1) Let C be an h-semistable curve. The Hilbert stability of h-stable curves has already been shown in
Proposition 5. So we assume that C has a tacnode. In view of Propositions 6 and 8, it suffices to establish the semistability
of the cat-eyes and the ox. We first note that a generic cat-eye must be semistable: If not, all cat-eyes and the ox would be
unstable since the ox is in the closure of the locus of cat-eyes, and consequently bicanonical elliptic bridges would not have
Hilbert semistable stabilizations.
Consider the cat-eye C@β and a smoothing pi : C → B of it. By the semistable replacement theorem, there is a family
pi ′ : C ′ → Bwhose generic fiber C ′η is isomorphic to the generic fiber Cη of C and the special fiber C ′s is Hilbert semistable.
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Fig. 4. Degeneration of an irreducible tacnodal curve to the conjoined snowmen.
Since the cat-eyes and the ox are the only ones that have elliptic bridges as the Deligne–Mumford stabilization, C ′s must be
C@
β ′ for some β
′. Here C@0 ' C@∞ designates the ox.
By choosing a basis of pi∗(ωC/B) (resp. pi ′∗(ωC′/B)), we obtain an embedding C ↪→ P2 × B (resp. C ′ ↪→ P2 × B). These
in turn lead to morphisms f , f ′ : B → Q := P(Γ (OP2(+4)))/PGL(3). Since the generic fibres of C ′ and C are isomorphic,
f (0) = f ′(0).
Forβ 6= 1, (the canonical image of) C@β is aminimal orbit curve in themoduli spaceQ of plane quartic curves [9, P. 81–83].
For β = 1, C@1 is in the closure of the locus of hyperelliptic curves and f maps it to the strictly semistable point representing
the double conic. Hence the images of C@β are all distinct, and it follows that Cs = C ′s and that C@β is semistable. 
Since tacnodal curves are identified with suitable cat-eyes and all cat-eyes are separated in Hilb/SL(V ),
Corollary 3. The locus of tacnodal curves in Hilb/SL(V ) is a smooth rational curve.
It remains to show that an elliptic bridge or a reducible c-semistable curve with a tacnode is Chow semistable: an
irreducible c-semistable curve is Chow semistable since it is h-semistable and hence Hilbert semistable.
Proposition 9. Let C be an irreducible tacnodal curve of genus three. There are two one-parameter subgroupsρ1 andρ2 of GL (6)
such that the following holds (Fig. 4):
(1) (The mth Hilbert point of) C belongs to Aρ1([C []m), where C [ consists of an elliptic curve meeting a snowman in two nodes:
one in the head and the other in the body (Fig. 2).
(2) (The mth Hilbert point of) C [ belongs to Aρ2([C∗]m) where C∗ is the conjoined snowman that consists of four rational curves
each of which meets the rest of C∗ in a node and a tacnode.
Proof. (a) Let Eβ ⊂ P2 be the quartic curve defined by
f = x20x21a2β + 2x30x1abβ + x40b2β + 2x0x31aβ + x20x1x2aβ + 2x20x21bβ + x30x2bβ
+ x30x1β2 + x20x1x2a+ x30x2b− 2x30x1β + x41β + x0x21x2β + x30x1 + x0x21x2 + x20x22 = 0,
and let C be the image of Eβ under the second Veronese embedding that maps [x0, x1, x2] to [x20, x21, x22, x0x1, x0x2, x1x2]. Let
ρ1 be the one-parameter subgroup of GL (6) with weights (0, 0, 2, 0, 0, 1). The ideal of the flat limit of {ρ1(α).C} at α = 0
is generated by:
x3x5, x0x5, x2x3, x1x2 − x25, x0x2, x0x1 − x23, x1x25β + x4x25β + x2x24 + x4x25,
x2x4x25β + x45β + x22x24 + x2x4x25, x21x5β + x1x4x5β + x1x4x5 + x24x5,
x23a
2β + 2x0x3abβ + x20b2β + 2x1x3aβ + x3x4aβ + 2x23bβ + x0x4bβ + x0x3β2
+x3x4a+ x0x4b+ x21β − 2x0x3β + x1x4β + x0x3 + x1x4 + x24.
(2)
This has the following associated primes:
• C1 := (x3, x0, x1 + x4, x2x4 + x25);
• C2 := (x3, x0, x1β + x4, x1x2 − x25, x25β + x2x4);
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• E := (x5, x2, x0x1 − x23, x20b2β + 2x0x3bβa+ x23βa2 + 2x23bβ + x0x4bβ + x0x3β2 + 2x1x3βa+ x3x4βa+ x0x4b+ x21β −
2x0x3β + x1x4β + x3x4a + x0x3 + x1x4 + x24, x0x23b2β + 2x33bβa + x1x23βa2 + 2x1x23bβ + x23x4bβ + x33β2 + 2x21x3βa +
x1x3x4βa + x23x4b + x31β − 2x33β + x21x4β + x1x3x4a + x33 + x21x4 + x1x24, x43b2β + 2x1x33bβa + x21x23βa2 + 2x21x23bβ +
x1x23x4bβ + x1x33β2 + 2x31x3βa+ x21x3x4βa+ x1x23x4b+ x41β − 2x1x33β + x31x4β + x21x3x4a+ x1x33 + x31x4 + x21x24).
The first two components are conics and the third is an elliptic curve isomorphic to E. The two conicsmeet in a single tacnode
at [0, 0, 1, 0, 0, 0] and the elliptic component intersects C1 and C2 in nodes at [0, 1, 0, 0,−1, 0] and [0, 1, 0, 0,−β, 0],
respectively.
(b) Let ρ2 be the one-parameter subgroup with weights (0, 2, 2, 1, 2, 2). The flat limit of {ρ2(α).C [} at α = 0 is defined by
the ideal
I∗ := 〈x3x5, x0x5, x2x3, x1x2 − x25, x0x2, x0x1 − x23, x21β + x1x4β + x1x4 + x24,
x1x25β + x4x25β + x2x24 + x4x25, x1x23β + x23x4β + x23x4 + x0x24,
x2x4x25β + x45β + x22x24 + x2x4x25, x43β + x0x23x4β + x0x23x4 + x20x24
〉
which is reduced and has the following four associated primes:
H1 := 〈x5, x2, x1 + x4, x23 + x0x4〉, B1 := 〈x5, x2, x1β + x4, x0x1 − x23, x23β + x0x4〉,
H2 := 〈x3, x0, x1 + x4, x2x4 + x25〉, B2 := 〈x3, x0, x1β + x4, x1x2 − x25, x25β + x2x4〉.
A quick observation reveals that
(1) H1 and B1 intersect in a tacnode at [1, 0, 0, 0, 0, 0];
(2) H2 and B2 intersect in a tacnode at [0, 0, 1, 0, 0, 0];
(3) H1 and H2 intersect in a node at [0, 1, 0, 0,−1, 0];
(4) B1 and B2 intersect in a node at [0, 1, 0, 0,−β, 0];
(5) Hi and Bj do not intersect if i 6= j.
We conclude that I∗ defines a curve isomorphic to the conjoined snowmen curve C∗. 
A similar computation shows that an elliptic bridge belongs to a basin of attraction of C [ (and hence to that of the
conjoined snowman):
Proposition 10 ([10, Proposition 5]). Let ρ1 be as in Proposition 9. If C is an elliptic bridge, for a suitable choice of basis of |ω⊗2C |,
the bicanonical image of C belongs to Aρ−1(C
[). Also, µ(Ch(C), ρ1) = µ(Ch(C [), ρ1) = 0.
Proof. For a suitable choice of basis, the ideal of the bicanonical image of C is given by I ∩ J where
I = 〈x0x1 − x2x3, x21 + x0x3 + x0x2 + ax0x1 + bx20, x4, x5〉
J = 〈x5x4 − x3x2, x24 + x5x2 + x5x3 + a′x5x4 + b′x25, x1, x0〉
where a, a′, b, b′ are constants. With respect to the 1-PS ρ−11 with weights (2, 2, 2, 2, 1, 0) (note that this is projectively
equivalent to the inverse of ρ1), ρ−11 (t).C degenerates to C [. By using Proposition 1, we obtain µ2 := µ([C]2, ρ−11 ) = −6
andµ3 := µ([C]3, ρ−11 ) = −12. It follows fromProposition 2 thatµ([C]m, ρ−11 ) = −6m+6 and in turn, [3, Proposition 5.16]
implies that
µ(Ch(C), ρ1) = lim
m→∞
2!
m2
µ([C]m, ρ1) = lim
m→∞
2
m2
(6m− 6) = 0. 
Since elliptic bridges and tacnodal curves belong to the basin of attraction of the conjoined snowmen, we have
Corollary 4. All elliptic bridges and tacnodal curves are identified in the GIT quotient space Chow/SL(V ).
This completes the proof of Chow semistability of c-semistable curves, the second part of Theorem 1.
Remark 1. We carried out or verified many of our computations in this section with Macaulay 2 [12].
4. Birational map from the Hilbert quotient to the Chow quotient
Using the GIT analysis given in the previous section, we shall give a proof of Theorem 2. There is a fundamental cyclemap
FC : Hilb→ Chow
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Fig. 5. Ψ+ maps tacnodal curves to the conjoined snowman.
such that FC([Y ]) is the formal linear combination∑dim Yi=1 `(Oyi,Yi)Yi where Yi are irreducible components of Y and yi are
their generic points [13, Theorem 6.3].1 Since FC is SL(V )-equivariant and ‘Hilbert semistable⇒ Chow semistable’, the cycle
map descends to Ψ+ : Hilb/SL(V ) → Chow/SL(V ). By [1, Corollary 6.3], the locus Hilbc−ss in Hilb of c-semistable curves
is smooth and, being a good quotient of a smooth variety, Hilb/SL(V ) is normal. Since Chowss is isomorphic to Hilbc−ss [13,
Section I.6], Chow/SL(V ) is also normal. Since ‘c-stable⇔ h-stable’,Ψ+ is bijective over the stable locus where the quotient
spaces are geometric quotients. It follows that Ψ+ is an isomorphism over the stable locus as both spaces are normal, and
the exceptional locus Exc(Ψ+) of Ψ+ is contained in the locus Z+ of tacnodal curves. But we observed in Corollary 4 that
all elliptic bridges are identified in Chow/SL(V ), so Exc(Ψ+) is precisely Z+ and it is mapped to the point representing the
conjoined snowman. (Fig. 5)
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